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Abstract 

The group £{3) — 50(3) <Sis T{3), that is the homogeneous subgroup 
of the Galilei group parameterized by rotation angles and velocities, de- 
fines the continuous group of transformations between the frames of in- 
ertial particles in Newtonian mechanics. We show in this paper that the 
continuous group of transformations between the frames of noninertial 
particles following trajectories that satisfy Hamilton's equations is given 
by the Hamilton group Ha{3) = SO{3) (g)s H{S) where H{3) is the Weyl- 
Heisenberg group that is parameterized by rates of change of position, 
momentum and energy, i.e. velocity, force and power. The group £(3) is 
the inertial special case of the Hamilton group. 

1 Introduction 

It is very well known that Galilean relativity of inertial frames with relative ve- 
locity and rotation is described by the Euclidean group that is the homogeneous 
subgroup of the full Galilei group0. We review, in the following section, the 
derivation of the action of the Euclidean group on frames of a particle in New- 
tonian space-time from the assumption of invariance of a Newtonian time line 
element and invariance of length in the inertial rest frame. The group multipli- 
cation law gives the usual Newtonian addition of velocity. The diffeomorphisms 
of the space-time with these invariants are the straight lines trajectories of an 
inertial particle. 

The group of transformations between frames of particles following nonin- 
ertial trajectories also has an invariant Newtonian time line element and in- 
variance of length in the inertial rest frame. We use the Hamilton formulation 
on extended phase space with position, time, momentum and energy degrees 
of freedom and therefore must also have invariance of the symplectic metric. 
Using the same method as reviewed for the Euclidean group, this results in the 
Hamilton group that is parameterized by rotation angles, and rates of change of 
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position, momentum and energy with time, i.e. velocity, force and power. The 
group multiplication law results in the usual Newtonian addition of velocities 
and force. The diffeomorphisms with these invariants must satisfy Hamilton's 
equations of motion. The power transformation law has terms that integrate 
to those terms in the Hamiltonian that are required in noninertial frames. The 
homogeneous subgroup of the Galilei group is the inertial special case of the 
Hamilton group. 



2 Newtonian inertial frames 

The Newtonian space-time M ~ W"^^ has coordinates x = (q, t) where q E R" 
are the n position co-ordinates and t G ffi. is the time coordinate. The usual 
physical case corresponds to n = 3. A frame in the cotangent space at a point 
X, r*a;M, has a basis dx = {dq,dt). The action of the general Hnear group 
element F G QC{n + on the cotangent space, suppressing the indices and 
using basic matrix notation is 

dx = T ■ dx, (1) 

where F is a nonsingular {n + l)x{n + l) real matrix and dx is a column vector. 
The line element may be written as 

ds'^ = df = ri\f,dx''dx'' = 'dx ■ r/° • dx, (2) 

where the indices a, b.. = 0, l..n and r] is an {n+ 1) x {n+ 1) matrix 

o / Onxn Oixn \ /^\ 
^ ^ [ 0„xl 1 j ■ 

In this expression, 0„x))i is an n x m zero matrix. The condition that the line 
element is invariant under the action of the group is 

dt^ = *dx ■ r]° ■ dx = dp = {T ■ dx) ■ 7]° - T ■ dx, (4) 

and therefore 

rj° =*r-T]° ■ F. (5) 
We may write F as an {n + 1) x {n + 1) matrix of the form 

with R an n X n submatrix, e S M and v,w € M" with v a column vector and w 
a row vector. Equation (5) results in the expression 

o /0 0\ f*R*w\fOO\fRv\ f 'ww 'we \ 
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where the dimensions of the zero matrices are now implicit. It follows directly 
that w = and e = ±1. 

The group multiplication and inverse property is realized by matrix multi- 
plication and inverse and a direct calculation shows it defines the matrix group 
with group multiplication and inverse given by 

r(e, R, v) = r(e", R", v") ■ r(e', i?', v') = T{e"e', R" ■ R', R" ■ v' + e'v"), 
r-i(e,i?,w) = r(e,i?-i,-ei?-i-w). 

The requirement that detF ^ requires that deti? ^ and therefore R € 
QC{n, K). The group elements r(l, R, 0) define the natural embedding of ^£(n, M) 
into QC{n + 1,R). The elements r(e, /„,0) G V2 where 1^2 is the two element 
discrete group of time reversal. Note that r(e, R, 0) € X>2 "S) QC{n, M). 

The translation group is defined to be the matrix Lie group T(n) that is 
isomorphic to M" considered to be an abelian group under addition, T[n) ~ 
The group elements r(l, /„,?;), with /„ the nxn unit matrix, define 
elements of the translation group T(n) with group composition 

r(i, j„, v) = r(i, /„, v") ■ r(i, /„, v') = r(i, /„, t;' + v"), 

T-\l,Ir„v) = T{l,In,-v). ^''> 

In this case, the translation group is parameterized by velocity: the translation 
are in velocity space rather than position space. The automorphisms of this 
translation subgroup are 

r(e', R', v') ■ r(l. In, v) ■ r-i(e', R', v') = r(l, /„, e'R' ■ v), (10) 

and therefore the translation group is a normal subgroup. The intersection of 
this translation subgroup with the subgroup T>2(E>QC(n. R) is the identity and the 
union is the entire group. Therefore, the group is the extended inhomogeneous 
general linear group 

igC{n, R) ~ V2 IQjC{n, R) ~ V2 ®s G^n, R) ®s T{n). (11) 

The above group does not leave length, dq^ , invariant in the rest frame. The 
rest frame is the special case where v = 0. Requiring that the line element dq^ 
is invariant in the inertial rest frame 

dq^ = *dx -7]" ■dx = *dx ■ *r(e, R, 0) ■ • r(e, R, 0) ■ dx, (12) 

results in the condition 77^ = *r(e, R, 0) • 77' • r(e, R, 0). This may be written in 
matrix notation as 

q f In 0\ f'RO\flnO\fRO\ 

where /„ is the nxn unit matrix. This requires that *R 
ReO{n). 



*RR 
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Matrices of the form r(e, i?, f) with e = ±1, v E R" and R G 0{n) are 
elements of the matrix Lie group, generally called the extended Euclidean 
group, £{n) where 

£{n) ~ ©2 0{n) (g), T{n). (14) 

The group multiplication and inverse is given by (8) with R £ 0{n). 

The orthogonal group may be written as the semidirect product of the special 
orthogonal group and a 2 element discrete parity group ^2 as 0{n) = T>2 <8)s 
50(77). Define ? S I>4 = I>2 <S) ^2 as the 4 element parity, time reversal group 
with elements 

^=(0^" e )' ^ = ±1'^~=±1- (15) 

The extended Euclidean group (14) may be written as 

£{n) V2 ®s 0{n) ®s T (n) ~ V4, ®s SO{n) ®s T (") - 2^4 ®8 £{n). (16) 

where £{n) ~ SO{n) (gig T(n.) is the Euclidean matrix Lie group that is the 
homogeneous subgroup of the Galilei group. 

Consider a transformation x = ip{x) that preserves the Newtonian time 
line element and length in the rest frame. The matrix of the Jacobian of the 
transformation is therefore an element of the group, [^^^]|x & £{n). The 
discrete transformations do not need to be considered as the are continuous 
and therefore only the continuous group is required. Furthermore, we can rotate 
the coordinates so that the rotation group need not be considered. Then, the 
Jacobian is an element of the translation normal subgroup of the Euclidean 
group, 

where in this expression indices i,j = 1, ..n are explicit. With v constant and 
ignoring trivial integration constants, the transformation equations may be 
integrated to 

q'=<p\q,t)=q'+vH, i=ip\q,t)=t. (18) 

The Euclidean group defines the transformation between inertial frames in 
classical Newtonian mechanics. The Euclidean group leaves invariant dt and 
therefore in Newtonian physics there is the notion of absolute time that all 
observers agree on. As the frame is inertial, the rate of change of momentum 
is zero and the motion is uniform. Correspondingly, velocity is simply additive 
as given by the group laws (8,9). 

3 Hamilton group: Newtonian noninertial frames 

The method used above to derive the Euclidean group for inertial frames may 
be applied directly to obtain the group of transformations between general non- 
inertial frames in Hamilton's mechanics. Again, we require invariance of the 
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Newtonian time line element and also that length is invariant in the inertial rest 
frame. As we are using the Hamilton formulation, we also require invariance of 
the symplectic metric. 

For the noninertial case with non zero rate of change of momentum and 
position between frames of particle states, consider the space P ~ that 
has coordinates z = (p, q, e,t). p,q €: M" are the n momentum and n position 
co-ordinates, e G R is the energy coordinate and t E M. the time coordinate, 
n = 3 is the physical case. A frame at a point in the cotangent space T*zV has 
a basis dz = {dp, dq, de, dt). The action of an element of $ € ^£(2n + 2, R) on 
the frame is 

= $ • dz, (19) 

where $ is a nonsingular 2(n + 1) x 2(n + 1) matrix. 

As in the Euclidean case, we consider the subgroup that leaves invariant the 
Newtonian time line element ds^ = dt^ . 

dz = dt^ = *dz ■ r]° ■ dz, (20) 

where t/° is now a 2(n + 1) x 2{n + 1) singular matrix. In addition, we again 
require that the length dq'^ be invariant in the inertial rest frame of the particle. 

Hamilton's mechanics has an additional invariant, the symplectic metric 
—de Adt + Sijdp^ A dq^ where = 1, ..n. 

Let $ be an (2n + 2) x (2n + 2) nonsingular real matrix written in terms of 
submatrices as 

/ A b w \ 
$ = *c a r , (21) 
\'d f e J 

where ^ is a 2n x 2n real matrix, w, b,c,d E M" and a, r, f, e G R. From 
the analysis in the previous section, we have immediately that the invariance 
of the Newtonian time line element requires e = ±1, rf, / = so that $ G 
igC{2n + 1,R), 

/ A b w \ 
$ = *c a r ,e = ±1. (22) 

V e y 

Furthermore we know that the requirement that the symplectic metric is invari- 
ant requires that $ G Sp{2n + 2) . The group Q that leaves both the Newtonian 
line element and the symplectic group invariant is the intersection of these two 
groups 

g c±Sp{2n + 2)r\XgC{2n + l) (23) 

This group may be exphcitly calculated simply by applying the symplectic con- 
dition to the exphcit form of the group elements $ € igC{2n + 1,M) given in 
(22). 

In the basis {dp, dq, de, dt} the matrix for symplectic metric *dz ■ C, ■ dz has 
the form 

C° 

C = I -1 I . (24) 
1 
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where C° is the 2n x 2n matrix 



/„ 




<' = [ -I. ) • i^'^) 

with In the n X n identity matrix. 

Next, impose the condition that symplectic metric is invariant • ^ • $ = 
using $ defined in (22) 

*A • C° • ^ *A-C -b *A-C -w-ec 

*b-C -A *b-C -b *b-C -w-ea 

*w -C ■ A + e *c *w-C -b + ea *w-C -w 

(26) 

First, M • C° • A = C° imphes that A G Sp{2n). It follows from *6 • C° • A = 
and ^A-C,°-b = Q that & = 0. Note that *w • C° • = as C° is antisymmetric. 
Then from the terms ■ C,° • b + ea = 1 and '6 ■ C° • w — ea = —1, with 6 = 
we have a = e. Finally, the remaining equations are 

c = e *A • C° • w, ^c = -e *wC -A (27) 

Noting that = — C°, these two equation are equivalent and therefore the 
matrix $ takes the form 

1 w 

$(e,A,w,r)=( -e *w ■ C° • ^ e r | (28) 


It follows straightforwardly that this is a matrix group with the group mul- 
tiplication realized by matrix multiplication and the group inverse by matrix 
inverse 

$(e, A, w, r) = $(6", A", w" , r") ■ $(e', A', w' , r'), 

$-i(e. A, w, r) = $(e, A~\ -eA-^ ■ w, -r). ^ ^ 

A = A"- A', 

f A" ■ w', (30) 
r = e"r' + e'r" - e"*w" • C° • A" ■ w'. 

It is clear that $(1,^,0,0) G Sp{2n) and $(e,/2„,0,0) e D2 and further that 
$(e,A,0,0) G X»2 0<Sp(2n) 

A \ / /2n 

$(1,A0,0)=| 10, $(e,/2„,0,0)= e |. (31) 
1/ \ 

The elements of the discrete group T>2 change the sign of the time and energy 
degrees of freedom together and the elements of the symplectic group Sp{2n) are 
the usual symplectic transformations on the position and momentum degrees of 
freedom. 



where 
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Note also that for A" — A' — l2n and e" = e' = 1 that the group multipUca- 
tion law reduces to 



$(1, /2„, w, r) = $(1, /2„, w",r") ■ $(1, /2„, w', r') 
$"Hl.^2n,w,r) = $(l,/2„,-u',-r) 



where 

w = w" + w' 
r = r'+r"- *w" ■ C° ■ w' 

and therefore T(w,r) = $(1, /2„, w, r) defines a subgroup ?i(n) that has the 
group multiplication and inverse given by (32) with w G M^" and r G M. This 
group is the Weyl-Heisenberg group. 

The automorphisms of this subgroup are 

<P{e,A,w,r) = $(e', A',w',r') • $(l,/2n,w",r") ■^-'^{e' , A' ,w' ,r') 
= $(1, l2n,e'A' ■ w",r" - *w' ■ C° ■ w" + *w" • C° • w') 

(34) 

Therefore H(n) is a normal subgroup. The union of H(n)with I?2 <8> Sp{2n) 
is the full group and the intersection is the identity. Thus we have the result 
that the group Q that leaves the symplectic metric and the Newtonian time line 
element invariant is. 

g ~ Sp{2n + 2) n igC{2n + 1) ~ nSp{2n) = V2 ®s Sp{2n) 0^ H{n) (35) 

It is shown in \1\ that this group is the group of linear automorphisms of 
the Weyl-Heisenberg group and therefore is the maximal group with a Weyl- 
Heisenberg normal subgroup . 

3.1 Weyl-Heisenberg group 

The notational change w = (/, v) with f,v^ R" enables the group operations 
of the Weyl-Heisenberg group to be written in the form 

T{f,v,T) ^Tir,v",r")-T{f,v',r') 

= T(/" + /', v" + v', r" +r' - f" ■ v' + v" ■ /'), (36) 

T-\f,v,r)=T{-f,-v~r). 

T{f,v,r) may be realized by the matrix group [2] 



T(/,z;,r) = 



( In f \ 

/„ 1 V 

V — / 1 r 

\ 1 / 



(37) 



and it can be directly verified that matrix multiplication and inverse realizes 
the group operations given in (36). 

The Weyl-Heisenberg group itself is the semidirect product of two translation 
groups 

W(n) ~ r(n) ®, r(n-h 1). (38) 
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This may be shown as follows. Consider the group multiplication in (36) with 
f = r = 0, 

T(0, v", 0) • T(0, v', 0) = T(/, V, r) = T(0, v" + v', 0), 
T-i(0,t;,0) =T(0,-t;,0). ^ ^ 

Thus, T(0,w,0) G T{n). As in the Euclidean case, these translations are pa- 
rameterized by velocity. Furthermore, with v = and /, r ^ 0, we have 

T(/", 0, r") • T(/', 0, r') = T(/, v, r) = T(/" + /', 0, r" + r'), 
T-i(/,0,r) = T(-/,0,-r). ^^"^ 

and therefore T(/, 0,r) G T{n + 1). These translations are parameterized by 
force and power. 

Finally, a special case of the automorphism given in (34) gives 

T(/', v', r') ■ T(/, 0, r) • T-\f', v', r') = T(/, 0, r - 2/ ■ v'). (41) 

The translation subgroup T(/, 0, r) G T(n + 1) of H{n) is therefore a normal 
subgroup. It may be shown that this is not the case for the translation sub- 
group T(0, V, 0) G T{n). Therefore, the Weyl-Heisenberg group is the semidirect 
product given in (38). 

The Wcyl-Hciscnberg group that appears as a subgroup of the group of 
transformations between noninertial frames is parameterized by velocity, force 
and power. From the group multiplication given in (36), velocity and force 
are simply additive as expected in Newtonian mechanics. This identification 
will become clearer in the following section as well as the meaning of the power 
transformation law. 



3.2 Hamilton's equations 



Wc consider now the transformations z = ^(z) = (p{p, q, e, t) that leave the 
symplectic metric and the Newtonian line element dt^ invariant. From (35), 
the continuous group leaving this invariant is Ti.Sp{2n). The Jacobian of the 
transformation, must be an element of this group. Consider first the 

case where the Jacobian is an element of the ?i(n) subgroup of T-LSp{2n). 



dif'^iz) 



dzP 



= r{f,v,r) 



Set = {p\q^,e,t} with a = l,...2n 
expression can be expanded out to 



^,J,■■ 



1, ..n. 





df'(z) 


d<f (z) 


dv'iz) 


dpi 


dqi 


de 


dt 




dv"^+'{z) 


d<p"+^(z) 


dif"+\z) 




dqi 


de 


dt 




d^^-+\z) 


dv'"+\z) 


d<p'^"+''{z) 


dpi 


dqi 
dv'^^\z) 


de 


dt 


d<p^''+^{z) 


dv'"+'{z) 


dv^^+\z) 


dpi 


dqi 


de 


dt 



(42) 

Then the above 



6) 

V 



I 

(43) 



8 



The solution of these equations requires the to have the form 



=^^+'{p,q,e,t)=q' + ^g'{t), 
e = >fi''^+^{p,q,e,t) ^ e + H{p,q,t), 
i = V^"+'(p,9,e,i)=i. 



(44) 



In addition these equations must satisfy 



dt — <J — Qp, , 

a>p\z) _ fi _ dv^^+\z) 

dt ■> dqi ' 



that on substituting in (44) is Hamilton's equations 



dt 



dH{p,q,t) dipp^jt) 
dpi ' dt 



dH{p,q,t) dH{p,q,t) 
dqi ' dt 



= r. 



(45) 



From this result, the identification oft; with velocity, / with force and r with 
power is clear. The group operation describes the addition of these quantities for 
transformations between frames associated with particles following trajectories 
that satisfy Hamilton's equations that are generally noninertial. The terms in 
the power transformation in the group multiphcation law (56,32) integrate to 
the terms in the Hamiltonian required for noninertial frames. 

On the other hand, if the Jacobian is an element of the subgroup 

Sp{2n) C HSp{2n), then the transformations are the usual canonical transfor- 
mations on momentum-position space. These transformations leave invariant 
the symplectic metric Sijdp'' A dq^ and Hamilton's equations. 

Thus, from the condition that the Newtonian time line element dt^ and the 
condition that the symplectic metric C are invariant on a 2n -)- 2 dimensional 
space, we have derived Hamilton's equations on 2n dimensional phase space and 
the invariance under the canonical transformations with Jacobians elements of 
Sp{2n). However, viewed on the 2n-|- 2 dimensional space, the transformation 
group is Sp{2n) ®s'H{'n). This group transforms between the frames associated 
with particles fohowing trajectories defined by Hamilton's equations that are 
generally noninertial. 

3.3 The Hamilton group 

Finally, we may also consider the invariance of the length line element 



in the inertial rest frame as in the Euclidean case. The inertial rest frame is 
defined byu = / = r = and therefore 



dq^ = Sijdq'-dq^ = * 



dz ■ yf ■ dz 



(46) 



*$(!, A 0, 0, 0) • ?7« • $(1, A 0, 0, 0) = ?7«. 



(47) 
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The 2n X 2n matrix A G Sp{2n) may be decomposed into the four n x n 
submatrices with fi,!/ = 1, 2. In the 2n + 2 dimensional space, the r]'^ and 
$(1, A, 0, 0, 0) are given by 



f \ 

/„ 



\ / 



$(i,Ao,o,o) 



/ ^1.1 


A1.2 







A2.1 


A2,2 














1 













1 / 



(48) 



Then the invariance of the length line element (0) in the inertial rest frame 
results in 



( *A2,1 • ^2,1 *A2,2 • ^2,1 \ 
'^2,1 • A20 *^2,2 • ^2,2 









0/ 



^ ^ 

/„ 



\ / 



(49) 



where the dimensions of the zero submatrices are clear from the context. From 
this it follows that ^2,2 = R & 0{n) and ^2,1 = 0. 

The matrices A are elements of Sp{2n) and therefore * A ■ C,° ■ A = C,° . From 
this it follows that A~^ = —C,° ■ * A ■ Q° . Writing the 2n x 2n matrices A in 
terms of the four n x n submatrices j4^,i/ , we have 



Al,l Ai,2 
^2,1 ^2,2 



/„ 

-In 



,2 



*^1,2 'A 



*A2,1 
2,2 



/„ 

-In 



(50) 

For the case ^2,1 = 0, and ^2,2 = R the inverse may be computed and therefore 







-Ai^r^ ■Ai,2-R-' 







(51) 



Thus Ai,i = *i? ^ Now, as i? e 0{n), we have that R ^ = *R and so 
^1^1 = i?. The remaining condition is that 



-*R-Ai,2-R~^='Ai^2 



or 



R.Ai,2 = -' i*R-Ai,2). 



(52) 



As this is true for all R G 0{n), we have Ai^2 = 0. This means that A is 
realized by the 2n x 2n matrices of the form 



R 




5^ ),i?eO(n), 



(53) 



and therefore A £ 0{n). 

This gives the result that the extended Hamilton group 'Ha{n) is 

Hain) V2 ®s 0{n) ®s H(n). 



(54) 
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An element of the Hamilton group may be written explicitly in the (2n + 2) x 
(2n + 2) matrix realization 



/ R 



V 

V 




R 

-J 




/ \ 

V 

r 
e 



(55) 



Again, as it is a matrix group, the group multiplication and inverse is given by 
matrix multiplication and inverse. Alternatively, these are just the special case 
of (0,0) with A given by (0) and w = (/, v) 



$(e, R, f, V, r) = $(e", R", f", v", r") ■ $(e', R', f, v' , r'), 
^{e,R,f,v,r) ^ =^e,R-\-eR-f,-eR-v,-e r), 



(56) 



(57) 



where 

e = e'e", R=R" ■ R', 
f = e'f'+R"-f', 
V = e'v" + R" ■ v', 
r = e'r" + e"{r' - /" • R" ■ v' + v" ■ R" ■ /')• 

These are the transformation equations for velocity v, force / and power r under 
the extended Hamilton group. 

Note that for the inertial case with f ~ r = 0, that these reduce to 



$(e, R, 0, V, 0) = 4>(e", R" , 0, v", 0) • $(e', R', 0, v', 0) 
= 4>(e'e",0,eV' + • v',0), 
$(e, R, 0, V, 0)"^ = $(e, R'^, 0, -eR ■v,0). 



(58) 



With the identification r(e, R, v) ~ $(e, R, 0, v, 0), these are the group multipli- 
cation and inverse laws for the extended Euclidean group given in (0) . Further- 
more, noting that for f = v = that the Weyl-Heisenberg subgroup reduces to 
the translation group (0), we have that 



e{n) C Ha{n). 



(59) 



Thus the inertial group, that is the homogenous subgroup of the Galilei group, 
is a special case of the general noninertial Hamilton group. 

Now, as in the Euclidean case, the orthogonal group can be decomposed 
into the direct product of the two element discrete parity group and the special 
orthogonal group, 0{n) ~ 'D2^sSO{n). The discrete two element parity group 
changes the sign of the position and momentum degrees of freedom together. 
The final step is to use this decomposition and again define the 4 element discrete 
group with elements € 2?4 ~ P2 ® 2^2 and restrict R € SO{n). The (2n-|-2) x 
(2n + 2) matrix realization of the elements ? € I?4 are 



C = 











M 



















e 





V 











e = ±l,e = ±l 



(60) 
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The Hamilton group may then be written 

Ha{n) ~ V4 SO{n) 0, H{n) - V4 (E)s na{n) (61) 
where na{n) = SO{n) (g)^ 

4 Discussion 

We began the discussion in this paper by considering the group leaving ariance of 
spacial length in the inertial rest frame resulted in the extended EucHdean group 
of transformations that is the homogeneous subgroup of the Galilei group. The 
diffeomorphisms with a Jacobian that is an element of this group at a given 
point in the space-time define the usual linear inertial transformations. The 
extended Euclidean group defines the transformations between inertial frames 
in the Newtonian formulation. 

We considered next the group that leaves invariant the Newtonian line ele- 
ment on a time, position, momentum, energy space formulation that also has 
a symplectic metric invariant. If again we require the invariance of length in 
the inertial rest frame, the extended Hamilton group of transformations results. 
The diffeomorphisms with a Jacobian that is an element of this group at a given 
point in the space-time define Hamilton's equations. Particles in classical me- 
chanics follow trajectories that are defined by solutions to Hamilton's equations. 
The frames associated with these trajectories are in general noninertial. The 
extended Hamilton group therefore defines the transformations between gen- 
eral noninertial frames in the Hamilton formulation. The extended Euclidean 
transformations are a special case of the extended Hamilton transformations 
corresponding to the inertial case where the rate of change of momentum and 
energy are zero. 

The Hamilton group multiplication defines the usual addition of velocity and 
force. The noninertial transformations of the power result in terms involving 
velocity and force appearing in the power transformation that integrate to the 
terms required in the Hamiltonian in a noninertial frame. 

There is nothing fundamentally physical that distinguishes a particle in an 
inertial frame as apposed to a noninertial frame. The usual choice of inertial 
frames is simply a mathematical expediency to simplify the analysis. Further- 
more, as inertial frames are related by a group, one expects that noninertial 
frames in the neighborhood of the inertial frame to likewise be related by a 
group. This is the Hamilton group. In this classical case, the noninertial for- 
mulation does not result in new physical consequences. 

We know that the Euclidean group is the limit of small velocities, v/c 0, 
of the Lorentz group of special relativity. The Lorentz group defines transfor- 
mations between frames of inertial particles in special relativity. Clearly, by 
the above arguments, there must be a group of transformations for noninertial 
frames in the relativistic casell This group must have the Lorentz group as the 

^This is often assumed to be general relativity. The equivalence principle results in particles 
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inertial special case and contract in a well defined physical limit, that includes 
small velocities relative to c, to the Hamilton group. A group that satisfies these 
properties and the new physical consequences is discussed in ^i4j. 
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following geodesies and so all particles in a purely gravitational system are locally inertial in 
the curved manifold. Consider the case with other forces where gravity is negligible and the 
problem of relativistic noninertial frames remains. 



13 



